Abstract. In this paper, it is shown that the notion of a dialgebra, originated from K-theory, is closely related to the notion of a conformal algebra, originated from conformal field theory. We prove that a dialgebra can be embedded into a series of its universal enveloping associative conformal algebras. As a corollary, an arbitrary Leibniz algebra can be embedded into an appropriate special Lie conformal algebra.
The notion of a dialgebra originally appear in K-theory as an analogue of the universal associative envelope for Leibniz algebras [L2] . On the other hand, a conformal algebra was introduced in [K1] as a tool for studying operator product expansion (OPE) in conformal field theory.
In this note we show that these two structures (coming from different origins) are closely related: an associative conformal algebra can be considered as a dialgebra, and an arbitrary dialgebra can be embedded into an appropriate associative conformal algebra.
Definitions
Throughout the paper, k be a field of characteristic zero, Z + stands for the set of non-negative integers.
Definition 1 ( [LP, L1, L2] ). An (associative) dialgebra is a k-linear space A equipped with two linear operations
for all a, b, c ∈ A.
Definition 2 ([K1]).
A conformal algebra is a linear space C endowed with a linear map D : C → C and with a family of linear operations (n-products) (
such that (C1) for any a, b ∈ C there exist only a finite number of n ∈ Z + such that
Axiom (C1) allows to define locality function N C : C × C → Z + as follows:
It was proposed in [K2] to consider a conformal algebra C as an k[D]-module with only one generic operation (λ-product)
In terms of this operation, axioms
For a fixed pair (a, b) ∈ C 2 it is more convenient to consider (a (λ) b) as a regular function on the affine line with values in k[D]-module C.
A conformal algebra is said to be associative if
In terms of λ-product, associativity looks like
Let us introduce the following notation:
It is well-known (see, e.g., [BFK2, K2] ) that in an associative conformal algebra the following identities hold:
In terms of n-products, these identities turn into
2. Universal enveloping associative conformal algebras Theorem 1. If C is an associative conformal algebra then the underlying linear space forms a dialgebra with respect to operations
The dialgebra obtained is denoted by C 0 .
Proof. Properties (1)-(4) immediately follow from (6)-(9).
The following question naturally arises: whether a dialgebra can be presented as a subalgebra of C 0 for an appropriate associative conformal algebra C? It turns out that the answer is positive. In this section, we construct such a conformal algebra in a very usual way. The main problem is to show injectivity, this will be done in the next section.
Theorem 2. Let A be a dialgebra, n ∈ Z + . Then there exists an associative conformal algebra C(A, n) and a homomorphism τ A,n : A → C 0 (A, n) of dialgebras such that
(2) for every associative conformal algebra C and for every homomorphism τ : A → C 0 of dialgebras such that N C (τ (A), τ (A)) ≤ n there exists a homomorphism ϕ : C(A, n) → C of conformal algebras such that ϕτ A,n = τ ; (3) for every dialgebras A 1 , A 2 , and a homomorphism of dialgebras ψ :
Proof. Let A be a dialgebra and let B be a linear basis of A. Consider free associative conformal algebra Conf(B, n) generated by the set B with constant locality function N(B, B) = n (i.e., claim a (m) b = 0 for any a, b ∈ B, m ≥ n). Such a conformal algebra was constructed in [Ro] . Denote by I the ideal of Conf(B, n) generated by
where a ⊢ b, a ⊣ b are considered as the corresponding linear conformal polynomials in B. Denote C(A, n) = Conf(B, n)/I, τ A,n be the restriction of the natural homomorphism to A ⊂ Conf(B, n). It is obvious that τ A,n is a homomorphism of dialgebras A → C 0 (A, n). Now (1) is obvious by definition, (2) follows from the universal property of Conf(B, n) [Ro] . Statement (3) is a corollary of (2).
Therefore, we obtain a family of covariant functors C(−, n), n ∈ Z + , from the category of dialgebras to the category of associative conformal algebras.
If
is just an (ordinary) associative algebra (⊣ and ⊢ coincide). Greater locality levels are more interesting.
Theorem 3. If n ≥ 2 then τ A,n is injective, i.e., A is embedded into its universal enveloping associative conformal algebra.
The simplest way to prove this theorem is to apply the Gröbner-Shirshov bases theory for conformal algebras [BFK1] . The sketch of the proof is completely similar to the one of PBW-style theorems. Let us state the corresponding results here. Since the complete exposition of the Gröbner-Shirshov bases theory for conformal algebras may occur to be too long, we will later present an "elementary" proof of Theorem 3.
Sketch of the proof. Note that it is enough to prove the theorem for n = 2 only. For n > 2 we may use Theorem 2(2) with τ = τ A,2 to show that τ A,n is also invective.
Write down the defining relations (11) for n = 2:
Multiply (13) with (· (2) c), c ∈ B:
Hence, a (1) (b (1) c) ∈ I (this is so-called composition of right multiplication [BFK1] ). Next, multiply (13) with (· (1) c):
Finally, consider the composition of a (1) (b (1) c) and (13):
By the previously obtained relations, we have (a
Therefore, all of the conformal polynomials
lie in I for all a, b, c ∈ B. The set S of relations (12), (13), (14), together with all linear combinations of g a,b,c and h a,b,c from (15), (16) is a Gröbner-Shirshov basis of I.
To prove the last statement, it is enough to check that all compositions are trivial in the sense of [BFK1] . This may be done via straightforward computation. Then the Composition-Diamond lemma for conformal algebras implies that if a conformal polynomial f ∈ Conf(B, 2) lies in I then the principal wordf necessarily contains a principal word of a polynomial from S as a subword. All principal words of S are of degree at least two. Hence, A ∩ I = 0, and the homomorphism A → (Conf(B, 2)/I) 0 is injective.
An elementary proof
In this section, we state an explicit construction of the conformal algebra C(A, 2). This will prove Theorem 3 in an elementary language.
Let A be a dialgebra with a linear basis B. Consider the subspace U of A ⊗ A spanned by
(17) Let H stands for the polynomial algebra k[∂] in one variable ∂. Denote
Indeed, for any element of type (17) we have
by (1)-(4).
Let us unify the notation and write D for a linear map C → C defined by
Later we will identify a ⊗ b + U ∈ C 1 with a ⊗ b to simplify notation. To make C a conformal algebra we need to define λ-product on C. Consider a linear map
by (1)-(4). Therefore, we have an induced map (also denoted by µ 1 ) acting from C 1 to Hom (A, C 1 ) .
Set
by (3) and (17);
by (1). In order to show that (19) defines the structure of an associative conformal algebra on C, we need to prove (C2 ′ ), (C3 ′ ), and (5). Both (C2 ′ ) and (C3 ′ ) trivially hold for the first and for the last lines of (19). Let us check (C3 ′ ) for the second line and (C2 ′ )-for the third line of (19):
On the other hand,
By (3), these relations coincide. Now, consider
by (4). On the other hand,
These relations also coincide. Other cases of (C2 ′ ) and (C3 ′ ) for (19) are obvious.
Check that the conformal algebra obtained is associative, i.e., (
It is sufficient to consider several cases: (1) x, y, z ∈ C 0 ; (2) x, y ∈ C 0 , z ∈ C 1 ; (3) x, z ∈ C 0 , y ∈ C 1 ; (4) y, z ∈ C 0 , x ∈ C 1 . If any two of x, y, z lie in C 1 then the associativity relation trivially holds.
Case 1:
These expressions coincide because of (17). Cases 2 and 3 are completely analogous, let us finish with Case4:
Therefore, the conformal algebra C is associative. By the definition of (· (λ) ·), we have x ⊢ y = x (0) y, x ⊣ y = {x (0) y} for x, y ∈ 1 ⊗ A ⊂ C 0 ⊂ C. Hence, we have proved Theorem 3. 
